
EIGHTH ANNUAL

NORTH CENTRAL SECTION MAA

TEAM CONTEST

November 13, 2004

9:00 a.m. to 12:00 noon

To the team members: These problems are meant to be fun as well as challenging. If
you can work all ten of them in the allotted time, super! But if not, you are likely to have
lots of good company. Partial credit will be given for significant progress or for significant
partial solutions, but a thorough job on a few will usually be better than some exploratory
work on many. Each problem counts 10 points.

NO BOOKS, NOTES, CALCULATORS, COMPUTERS OR NON-TEAM-
MEMBERS may be consulted.

Each team may submit one solution to each problem. Think of your solution as an essay; a
logical argument which makes clear why your answer to the question is correct, or why the
assertion whose proof is called for in the problem is true.

PLEASE BEGIN EACH PROBLEM ON A NEW SHEET OF PAPER. Team
identification and problem number should be clearly given at the top of each sheet of paper
submitted.
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1. Quadrilateral area.
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In the figure at the right AB = 20, AC = 12, AD =
DB, angles ACB and ADE are right angles. Find the
area of the quadrilateral ADEC.

2. Sequence sum.

A sequence begins with a1, a2, and for n > 2 is defined by an = an−1 − an−2. Find the sum
of the first 2004 terms (in terms of a1 and a2), and defend your answer.

3. Sum of cubes of roots.

If r and s are the roots of the quadratic equation

x2 + ax +
a2 − 1

2
= 0,

find r3 + s3 in terms of a, and express it as a polynomial in a with rational coefficients.

4. Integer linear combination.

Do there exist integers m and n satisfying

130m + 559n = 52?

If so, find such a pair (m, n). If not, explain.

5. A polynomial in x3.

Let P (x) = x3−x2+x−2. Does there exist a nontrivial polynomial Q(x) with real coefficients
such that the degree of every term of the product P (x)Q(x) is a multiple of 3? If so, find
one. If not, show there is none.
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6. Shuffling cards.

A card shuffling machine always rearranges cards in the same way relative to the order
in which they are given to it. The thirteen spades arranged in the order

A, 2, 3, 4, 5, 6, 7, 8, 9, 10, J,Q, K

are put into the machine, shuffled, and then the shuffled cards are put into the machine and
shuffled again. If at this point the order of the cards is

3, K, 10, 2, Q, 9, 4, J, 8, 6, 7, A, 5,

what was the order of the cards after the first shuffle?

7. Slanted asymptote.

Let f(x) = 2x +
√

x2 + 4x + 5 for all real x. Show that as x → −∞ the graph of f is
asymptotic to a nonhorizontal straight line, and find the equation of this line. (You must
show rigorously that the distance between this line and the graph of f approaches zero.)

8. Find the n-th term.

The sequence {an} is defined recursively by a0 = 2, a1 = 671, and for n ≥ 0, an+2 =
671an+1 − 2004an. Find, and prove, a closed form expression for an.

9. Same fractional parts.

Let n be an integer, n ≥ 3, and let x be a real number such that the numbers x, x2 and xn

have the same fractional parts. Prove that x is an integer. (The fractional part of a number
u is u− buc; i.e., u minus the greatest integer in u.)

10. Limit of product of cosines.

The sequence of functions {un(x)} is defined for real x by u1(x) = cos(x/2) and for n > 1,
un(x) = un−1(x) cos(x/2n). Thus

un(x) = cos
x

2
cos

x

22
· · · cos

x

2n
.

If x = 0, it is clear that un(x) = 1 for every n. Find limn→∞ un(x) as a function of x for
x 6= 0.
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